We derive analytical expressions for external fields of a charged relativistic bunch with a circular and an elliptical cross section. The particle density in the bunch is assumed to be uniform as well as non-uniform. At distances far apart from the bunch, the field reduces to the relativistic modified Coulomb form for a pointlike charge and at small distances the expressions reproduce the external fields of a continuous beam. In an ultra relativistic limit the longitudinal components of the internal and external electric fields of the bunch are strongly suppressed by the Lorentz factor. If the bunch is surrounded by conducting surfaces, the bunch self-fields are modified. Image fields generated by a bunch between two parallel conducting plates are studied in detail. Exact summation of electric and magnetic image fields allows the infinite series to be represented in terms of elementary trigonometric functions. The new expressions for modified fields are applied to study image forces acting on the bunch constituents and the bunch as a whole and calculated in the framework of the linear theory the coherent and incoherent tune shifts for an arbitrary bunch displacement from the midplane. Moreover, the developed method allows to generalize the Laslett image coefficients ǫ 1 , ǫ 2 , ξ 1 , ξ 2 to the case of an arbitrary bunch offset between parallel conducting plates and magnet poles, and reveal relationships between these coefficients.
I. INTRODUCTION
In an accelerator, the charged beam is influenced by an environment (a beam pipe, accelerator gaps, magnets, collimators, etc.), and a high-intensity bunch induces surface charges or currents into this environment. This modifies the electric and magnetic fields around the bunch. There is a relatively simple method to account for the effect of the environment by introducing image charges and currents.
Over fifty years ago Laslett [1] , [2] analyzed the influence of the transverse space-charge phenomena, due to image forces, on the instability of the coherent transverse motion of an intense beam. Methods of image fields summation are described in his paper [1] , which presented some field coefficients calculated for infinite parallel plate vacuum chambers, magnet poles and vacuum chambers with elliptical cross sections and variable aspect ratios. The resulting image fields were calculated only in the linear approximation and depends linearly on the deviationsȳ and y of the bunch center and the position of a test particle, respectively, from the axis. They act therefore like a quadrupole causing a coherent tune shift. The approximation used is incorrect if the field observation point y is located far from the bunch or if the bunch center is close to a conducting wall.
In the present paper we consider this classical problem summation of fields of images once again for a very simple geometry, namely, a relativistic bunch moving between infinitely wide parallel perfectly conducting plates. The problem is far from being purely academic. * Electronic address: levtchen@mail.desy. de In applications, in particular, in the study of the electron cloud effect intensified by electron field emission in the flat collimator [3] and the dynamics of photoelectrons in the beam transport system [4] , it is important to know the distribution of electromagnetic fields not only in the vicinity of the bunch, but in the whole collimator gap. We have not found publications with attempts to sum up the series (34) (see Sec. 4) in an approximation beyond the linear one. In Sec. 4 and 5 we present exact solutions of the problem for electric and magnetic images. The preliminary results were presented in [5] .
Before we solve the problem formulated above, in Sec. 2 we first derive expressions for the external electric and magnetic fields generated by a cylindrical and an elliptical bunch of charged particles. The task is specified as follows.
The external radial electric field E r , and azimuthal magnetic induction B φ , for a round unbunched relativistic beam of the radius a and a uniform charge density described by [6] , [7] , [8] 
where κ = 1/4πǫ 0 , λ is the linear beam density, q is the charge, β = v/c is a normalized velocity of the beam constituents and c the velocity of light. In many applications, equations (1) and (2) are used to describe fields of an individual bunch too. However, in the form (1), (2) the bunch fields do not depend on the bunch energy and at large distances do not follow the Coulomb asymptotic. This contrasts sharply with the fields pro-duced (at t = 0) by a rapidly moving single charge q
where θ is the angle, which the vector r makes with the z-axis. Along the direction of motion the electric field is become weaker in γ 2 times, while in the transverse direction the electric field is enhanced by the factor γ
Here, γ denotes the particle Lorentz factor. This paper is organized as follows. In the next section we derive expressions for the transverse and longitudinal components of the bunch electric field, where the defects indicated above are rectified, and find the conditions at which the bunch fields are represented by (1) and (2) . Here considered bunches shaped as a cylinder with a circular and an elliptical cross section. In Sec. 3 we discuss fields generated by a bunch with an arbitrary linear particle density and make a statement that in the ultra relativistic limit γ → ∞ the electric field takes a universal form.
Sections 4 and 5 are devoted to the problem of finding the exact analytic expressions for the electric and magnet fields generated by a bunch moving between infinitely wide parallel conducting plates and magnet poles.
In Sec. 6 we discuss image forces acting on the bunch constituents and the bunch as a whole and calculate in the framework of an improved linear approximation the coherent and incoherent tune shifts for an arbitrary bunch displacement from the midplane. The conclusions are made in Sec. 7. Detailed derivations of the obtained results are placed in Appendixes A and B.
II. SELF-FIELDS OF A CHARGED CYLINDER WITH AN ELLIPTICAL CROSS SECTION
Let consider a bunch of charged particles uniformly distributed with a density ρ within a cylinder of length L and an elliptical cross section. The ellipsoid semi-axis in the x-y plane are a and b and the coordinate z-axis is along the bunch axis. Suppose that the bunch is moving along the z-axis with a relativistic velocity v = c β.
To compute the radial electric field of such a rapidly moving bunch, we have to sum up fields of the type (3), generated by the bunch constituents. In this way we get [9] 
with
where σ is the distance in the x-y plane from the z-axis to the elementary charged volume and
where e = √ 1 − b 2 /a 2 is the eccentricity of an ellipse and a > b. Equation (5) represents the radial electric field at instant t = 0 as observed at a distance r from the bunch axis, at an angle ξ relative to the x axis and at a distance z from the bunch tail.
In [9] integrals I 1 and I 2 were estimated only numerically, because integrands were taken as it is. However, the integrands are easy to simplify if the bunch is ultra relativistic, γ ≫ 1, and we would now like to calculate the field in vicinity of the bunch but at distances much larger than the bunch radius, r ≫ a.
To simplify, we make use of the notations
and the integrand of I 1 can be written as
Now we expand the above expression in a power series by using A as a small parameter and keeping only terms up to the power A 4 at each step.
A. Finite Circular Cylinder with a uniform Particle Density
For a bunch shaped as a circular cylinder, a = b, we may set ξ = 0. Due to the fact that
all odd powers of B vanish after integration over φ. This greatly simplifies the series generated from (9) . After lengthy algebraic manipulations with (9), we get
(11) Substituting this expression in (6), one gets
By changing z 2 to (L − z) 2 in (12), we obtain for I 2 the following result
where
. Notice that for particles uniformly distributed in the bunch volume,
where N b is the total number of particles in the beam, n b the number of bunches, λ the linear particle density. Substituting equations (12)-(13) in (5), finally we arrive at
. (14) This equation describes the transverse component of the electric field produced by a rapidly moving circular bunch. For γ ≫ 1 the correction factors C 1 and C 2 can be neglected. In that case at the bunch surface, r = a, (14) exactly match the equation for internal field [9] . Therefore, the condition r ≫ a used to derive (14) can be weakened and (14) is valid in the region r ≥ a. The field of a relativistic bunch described by (14) , has different behavior at distances far apart from the bunch and for r < Lγ/2. Figure 1a shows the radial field profile as follows from (14) . Parameters of the bunch are corresponding to the nominal scenario of the LHC proton beam [10] . At very large distances, r ≫ Lγ/2, equation (14) reduces to the Coulomb form (4) with q replaced by qN b /n b . Calculations show that for a proton bunch at 7 TeV the Coulomb law is restored only at the distance of several kilometers from the bunch. On the other hand, for r ≪ Lγ/2, equation (14) simplifies to the form independent of z-coordinate, which coincide with the external field (1) of a continuous beam
The magnitude of the electric field varies drastically in the head and tail parts of the bunch. For instance, in a very narrow transition region beyond the bunch tail, z < 0, |z| ≪ r/γ, the field strength decreases with z as follows
However, at larger |z|, the suppression of the radial field by the Lorentz factor becomes dominant,
This is shown in Fig. 1b . The field strength decreases to more than three orders of magnitude at the distance of 4 µm beyond the bunch. One find from (14) that at z ≥ L the field magnitude tends to zero in the similar way.
The longitudinal part of the electric field reaches the maximum value on the bunch axis, so that on axis the longitudinal electric field is given by [9] 
At γ ≫ 1, the field magnitude outside the bunch is given by
Equation (18) shows that the longitudinal field is independent of the bunch radius and strongly suppressed along the line of motion of the bunch. The main result of this consideration is that due to features (16) and (18), the space-time distribution of the electric field around an ultra relativistic circular bunch with a uniform particle density is well approximated by a step like form
Similarly, we can show that the azimuthal magnetic induction of the bunch is
B. Finite Elliptical Cylinder with a uniform Particle Density
Let now consider a bunch shaped as an elliptical cylinder. We make use of the same notations as in the Table 1 ). previous subsection. In the ultra relativistic scenario, the correction factors C 1 and C 2 should be neglected from the beginning. By expanding the integrand of I 1 in a power series as above, we get
It can be proven that for an even function f n (φ)
where k = 0, 1, 2, . . . . In our consideration
The integral (6) now can be solved with respect to σ and φ by direct substitution of (21) and the use of (22),
The condition (22) causes all even terms in A to vanish. Here, For particles uniformly distributed in the elliptical bunch volume, ρ = qλ/πab with λ = N b /n b L the linear particle density. Substituting equations for I 1 and I 2 in (5), finally we arrive at
ae r by an angular factor that takes into account an ellipticity of the bunch. The dimensions of the ellipse enters only via the ratio ae/r.
The arguments used in deriving equation (19) are also applicable here. The electric field of an ultra relativistic elliptical bunch therefore is well approximated by a step like form 
The representation (27) with such "separation of variables" (r, ξ) is useful in an analytic calculation, including a differentiation and an integration. The number of terms, k max , in (24), (27) to be taken into account depends on the required precision. The approximate formula (27) can now be confronted with an exact expression of the electric field for a uniformly charged elliptical beam. There is a compact formula [12] , [13] in the complex (x, y)-plane, z = x + iy, in the term of the "complex electric field"
However, in the real components the formula is more complicated. Outside the beam, the x-component of the field is
while the y-component can be obtained from this by exchanging x ↔ y and a ↔ b.
Thus,
with x = r cos ξ and y = r sin ξ.
We are now in a position to evaluate the number of terms in (27) need to be taken into account in order to get the precision, say, to better than 5%, if compared with the exact formula (30). In Fig.2a shown the variation of the ratio of (27) to (30) with the azimuthal angle ξ in the first quadrant. We observe that at r/ae = 1 (full curve) the desired precision is almost reached at k max = 7, except for the area near ξ = 0. In this area, it is necessary to account for terms with k max > 7 to achieve the required precision. At the same time, at r/ae = 2 and k max = 7 (dashed curve), the accuracy is better than one percent in the entire area of ξ.
The azimuthal field variation is essential only at r ∼ a. For instance, for a flat beam and at r = a, the field is concentrated at ξ = 0 and π. However, at larger r (say, r > 5a) the angular dependence vanishes rapidly and the electric field of an ultra relativistic elliptical bunch is converging to the universal form (19). The last statement is illustrated by Fig. 2b . 
III. UNIVERSALITY OF THE BUNCH EXTERNAL FIELDS
A uniform particle density considered in the last section is an idealization. In reality, the linear particle density, λ(z), varies considerably along the bunch. As an example, Fig. 3a shows the current profile of electron bunches in the XFEL accelerator [11] . Electrons of energy 17.5 GeV forms bunches with a charge of 1 nC and a peak current of 5 kA. The current distribution is well fitted by a sum of two Gaussian distributions and a polynomial pedestal. Certainly, these bunches are ultra relativistic since γ = 3.2 × 10 4 . Now the question arises how to calculate the electric field of the bunch for a given distribution of the current density J(z) = qβcλ(z).
We will now argue that in the asymptotic limit γ → ∞ the problem has a simple solution.
The main conclusion we can draw from the previous consideration is that at the distance of several bunch radii, the electric field of the bunch is independent of the transverse geometry of the bunch. Without loss of generality let consider again a bunch with a circular cross section. The distribution J(z) can be well approximated by a histogram J i = qβcλ i , as shown in Fig. 3b . Let imagine the bunch be a set of layers with a thickness of ∆z i . Suppose that in the transverse direction particles are distributed uniformly and the linear particle density varies from one layer to the next in accordance with λ i . Thus, each layer is a cylinder with a uniform particle density acting as an independent field source. The complete field of the bunch is a sum of elementary field sources (19)
Here we used
and the sum is replaced by an integration. We obtain the same result (31) even if consider a bunch with a variable cross section and a uniform transverse density in each slice ∆z i . We conclude with a statement, which summarizes the obtained results: Theorem: In the ultra relativistic limit, γ → ∞, the external electric field of a bunch with a linear particle density λ(z) is governed by the universal law
It is instructive to compare the strength of the electric field created by a cylindrical bunch with a uniform particle density λ U = N/L and a bunch with the Gaussian particle distribution λ G (z). The ratio of the fields is
Thus, if L is equal to the effective length of the Gaussian bunch L e f f = √ 2πσ z , the field strength in the both cases are equal at the maximum of λ G (z). Note, however, that in a more general case, as in Fig. 3 , that conclusion is not correct, even if L = L e f f . For instance, with parameters of a XFEL bunch [11] , one find L e f f = 0.217 mm and at the maximum of the current density E XFEL /E U = 3.63. So far, we considered fields in free space. In an accelerator, the charged beam is influenced by an environment and a high-intensity bunch induces surface charges or currents into this environment. This modifies the electric and magnetic fields around the bunch. There is a relatively simple method to account for the effect of the environment by introducing image charges and currents.
IV. FIELDS FROM IMAGE CHARGES
Following Laslett [1, 2] , we consider a relativistic bunch between infinitely wide conducting plates placed at y = h and y = −h. Suppose that constituents of the bunch are positively charged. For full generality, let the bunch be displaced by (0,ȳ, 0) from the midplane (x, 0, z), and the observation point of the field be at (0, y, 0) between conducting parallel plates. The boundary condition for the electric field on perfectly conducting plates are E z (±h) = 0 and is satisfied if the image charges changes sign from image to image.
Suppose that the distance between plates is of the order 10a. Thus, the electric field of each image is described by (32). To calculate the image electric field component E y,im (y) in front of the plate, we add the contributions from all image fields in the infinite series [1] , [2] , [7] , [14] E y,im (y,ȳ, z, t) = 2κqλ(z, t)
where y 1 = y +ȳ and y 2 = y −ȳ. The representation (34) keep the same form irrespective the relative position of the bunch center and the observation point between plates, (ȳ ≥ 0, y ≥ȳ, y <ȳ) or (ȳ < 0, y ≤ y, y >ȳ). These image fields must be added to the direct field of the bunch (32) to meet the boundary condition that the electric field enters conducting surfaces perpendicular.
In the original paper [1] (see also [7] , [14] ), the series (34) was summed up only in the linear approximation in y andȳ,
The coefficient ǫ 1 = π 2 /48 is known as the Laslett coefficient (or form factor) for infinite parallel plate vacuum chambers. The approximation (35) is widespread in textbooks and lectures is however incorrect if the deviation of the bunch center from the axis is large (ȳ ∼ h) or if the field observation point y is located far off the bunch. Therefore, below we present the exact solution of the problem. In Appendix A is proven that the exact summation of the series (34) gives
where the electric image field structure function Λ depends only on scaled variables δ = y/h,δ =ȳ/h in the form
We have shown in Appendix A that in the truncated linear approximation equation (36) recovers the part (35) derived by Laslett.
We shall now calculate values of Λ(δ,δ) at several particular points along the y-axis. δ = 1: the observation point is located at the plate, y = h. In this case, the structure function depends only on the bunch center position between plates,δ. From (37) one get
Equation (38) is singular atδ → 1 and shows that the conducting plate attracts the bunch with a force increasing with the bunch displacement from the midplane. The phenomenon, involving the transverse movement of the bunch as a whole, arises from image forces and could lead to a transverse instability of the beam. This is discussed further in Sec. 6. δ = 0, δ = 1: the bunch is in the midplane and the observation point is at the plate y = h
The image field (36) must be added to the direct field of the bunch (32) to meet the boundary condition. It is interesting to note that the last term in (37) is opposite in sign to the direct field contribution outside the bunch and cancel it. As a result, the electric field distribution between parallel conducting plates is given by
. (40) In particular, a bunch moving in the midplane generates the field described by
In other words, in the presence of conducting plates the electric field in front of the plate is enhanced by the factor π/2 (Fig. 4) . If now we do not assume that the bunch offsetδ is small then the full linear approximation in δ can be derived by means of (A-8) and (A-14) from Appendix A. Thus, the vertical component of the electric field seen by a test particle in vicinity of the bunch (|δ −δ| ≪ 1 ) is given by
Here introduced a generalization of the Laslett electric image coefficient ǫ 1 to the case of an arbitrary offset
This approximation have to be compared with an alternative representation of (40) in the form (A-8)
to show the origin of each term in (42). The potential function of the field (44) is
with E y,tot = −∂U/∂y. In the linear approximation the horizontal component of the image field one can get directly from
with the use of (A-14) and (36). Equations (42) and (44) tell us that with an increase ofδ, the field strength near the bunch and the field gradient across the bunch, ∂E y,im /∂y ∼ 1/ cos 2 ( π 2δ ), significantly increases. This is illustrated by Fig. 4 , which shows that with an increase ofδ the field distribution between plates becomes more and more asymmetric. At the opposite ends of the bunch diameter the difference in the value of the field, ∆E y,tot (δ), grows as the displacement increases. For the LHC beam one get ∆E y,tot (0.1)= 4360 V/cm, ∆E y,tot (0.5) = 27290 V/cm, and for the ILC beam ∆E y,tot (0.1)= 13640 V/cm and ∆E y,tot (0.5)= 85340 V/cm, respectively. In Sec. 6 we discuss how this effect modifies tune shifts.
V. MAGNETIC IMAGES
In the above, we have discussed electric image fields created by an ultra relativistic bunch. Magnetic images can be treated in much the same way [7] , [14] . Let the ferromagnetic boundaries be represented by a pair of infinitely wide parallel plates at y = +g and y = −g. The magnetic field lines must enter the magnet pole faces perpendicular. For magnetic image fields we distinguish between DC and AC image fields. The DC field penetrates the metallic vacuum chamber and reaches the ferromagnetic poles. In case of bunched beams the AC fields are of rather high frequency, and we assume that they do not penetrate the thick metallic vacuum chamber. The DC Fourier component of a bunched beam current is equal to twice the average beam current qcβλB [7] , where B is the Laslett bunching factor.
A magnetic field, seen by a particle at location y on the y-axis, is generated by the successive image currents with the same sign as the beam itself. In Appendix B proven that the resulting field is described by
Here we made the replacement µ 0 = 1/(ǫ 0 c 2 ) and used the scaled variables η = y/g andη =ȳ/g, B = n b L/2πR is the bunching factor, n b the number of bunches, R the average accelerator radius. The structure function H is of the form
In the functional sense, H(η,η) = Λ(η, η), as can be noticed by comparing (48) and (37).
In the linear approximation in y andȳ one obtains from the exact formula (48) (see Appendix B for detail)
where ǫ 2 = π 2 /24 is the Laslett form factor for infinite parallel plate magnet poles 1 . As above for electric images, we define a generalized form of ǫ 2 for an arbitrary offsetη as follows
Thus, the complete linear approximation in η (see Appendix B) is given by
For further applications, we point out that on the bunch axis, η =η, one get from (B-6)
The contribution of magnetic AC image field due to eddy currents in vacuum chamber walls is similar to electric image fields
where the factor (1 − B) accounts for the subtraction of the DC component. Thus, the net AC field is tangential to the surface. The magnetic image fields must be added to the direct magnetic field (2) to meet the boundary condition at ferromagnetic surfaces. That is, the summary magnetic field between the conducting plates is
The step function θ(1 − δ) accounts that the AC fields do not penetrate the thick metallic vacuum chamber.
VI. IMAGE FORCES AND TUNE SHIFTS
Direct space-charge fields, as well as fields due to image charges and currents shift the betatron frequencies (tunes). We have to distinguish between the coherent tune shift, which express the change of the betatron frequency when the bunch oscillates as a whole, and the incoherent tune shift, which changes the single particle tune. In this section we assume again the bunch to have a circular cross section of radius a and a uniform density.
A. Coherent motion and tune shift
The motion of the bunch centerδ(s) in the absence of the external focusing force is described by the equation
where s = βct and the Lorentz force is of the form
Here we applied results of the previous section and M b = Nm p is the bunch mass, Q b = Nq the bunch charge. On the bunch axis, the electric and magnetic structure functions are
Under influence of the force (56) the bunch is attracted by a conducting plate and at some point s i hits the plate. The actual position of the impact point depends on the initial value constrains, in particular, the bunch offsetδ(0) =δ 0 . Figure 5a shows the numerical solutions of (55) The coherent motion of the bunch is significantly altered in the presence of the linear focusing provided by quadrupoles and described by the equation
where r p = κq 2 /m p c 2 is the classical proton radius and the meaning of other parameters explains Figure 5b shows numerical solutions of (58) for the same initial conditions as above. By the dashed line shown a solution of the betatron equation (58) in the absence of the image effects, A = 0. A comparison of the two curves atδ 0 = 0.8 demonstrates how big is the influence of images on the coherent tune shift.
To derive an analytical expression for the coherent tune shift for an arbitrary offset we proceed in the standard way [8, 14, 16] . In the linear theory, we assume that the forces are proportional to the displacement. Therefore, we expand the structure functions Λ and H (57) in a power series in a neighborhood ofδ 0 ,δ =δ 0 + ∆, keeping only terms up to first order in ∆
Here we introduced generalized Laslett coherent tune shift form factors
for the image fields from the vacuum chamber and the magnet pole. Substituting expressions for Λ(δ 0 , ∆) and H(η 0 , ∆) in equation (58), we get
One must note that the image coefficients ǫ 1 and ξ 1 , as well as ǫ 2 and ξ 2 are not independent but rooted in the same function Λ(δ,δ) and H(η,η), correspondingly. Therefore, in the linear approximation these functions are related via The motion of a test particle in a displaced bunch in the presence of the space-charge force and the image fields is described by the equation Here F y,sc = 2κq 2 λy/a 2 γ 2 is the Lorentz force due to the bunch space-charge [7] and F y,im is defined in (56 
Equations (62), (65) and (66) generalize the Laslett tune shifts to the case of the arbitrary bunch offset between parallel conducting plates, and we present them in the form as given in the textbook [8] and the handbook [17] .
As numerical examples, with machine and beam parameters from Table 1 + 32.136 + 3.81 × 10 −3 ) ≈ −32.14,
Thus, the third term makes the main and growing with δ contribution, and transverse particle dynamics in a bunch is defined by influence of electric images.
VII. SUMMARY
This paper presents approximate analytical expressions for electric and magnetic self-fields produced by a bunch shaped as a cylinder with a circular and an elliptical cross section, calculated in the relativistic limit. These expressions show the correct Coulomb asymptotic and in the near-field zone coincide with the external self-fields of a continuous beam. In the ultra relativistic limit, the external electric field of a bunch takes a universal form (32).
We reanalysed the problem summation of image fields generated by a bunch between infinitely wide parallel conducting plates and ferromagnetic poles. The exact one dimensional solutions for resulting electric and magnetic image fields are represented by the structure functions Λ(δ,δ) and H(η,η), respectively.
The new expressions for modified fields are applied to study the coherent and incoherent tune shifts and allows to generalize the Laslett image coefficients to the case of an arbitrary bunch offset. These image coefficient functions, ǫ 1 (δ) and ξ 1 (δ), as well as ǫ 2 (η) and ξ 2 (η) now are not independent but rooted in the same function Λ(δ,δ) and H(η,η), correspondingly.
At a first glance, equation (A-8) or (A-9) is singular at δ 2 = 0 or δ =δ, respectively. However, it is not the case. Starting once again from (A-11) with δ 2 = 0 and account (A-10), we get formally
Knowing the exact form of Λ(δ,δ), one able to develop a variety of approximation. For instance, to study particle dynamics in a bunch with a significant offset, one need to decompose (A-8) assuming δ 2 
